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Abstract
A Yukawa-Higgs model with Ginsparg-Wilson (GW) fermions, proposed recently by Bhat-
tacharya, Martin and Poppitz as a possible lattice formulation of chiral gauge theories, is studied.
A simple argument shows that the gauge boson always acquires mass by the Stu¨ckelberg (or, in
a broad sense, Higgs) mechanism, regardless of strength of interactions. The gauge symmetry is
spontaneously broken. When the gauge coupling constant is small, the physical spectrum of the
model consists of massless fermions, massive fermions and massive vector bosons.
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Recently, Bhattacharya, Martin and Poppitz [1] proposed a Yukawa-Higgs model with
GW fermions as a possible lattice formulation of chiral gauge theories. (For reviews on
various approaches on this problem, see Refs. [2, 3, 4, 5].) This approach was subsequently
studied by analytical and numerical methods [6, 7]. The idea [1] is that half the fermion sec-
tor (“mirror fermions”) in a vector-like theory decouples, forming heavy composite fermions
by strong Yukawa interactions and, at the same time, the gauge symmetry is not sponta-
neously broken by keeping the Higgs sector in a symmetric phase (by choosing a coupling
κ small; see below). They argued that, in this way, a desired pattern of spectrum as chiral
gauge theory, that is, massless Weyl fermions interacting via massless gauge bosons, can be
realized.
If this scenario comes true, it implies a great simplification because the lattice chiral
gauge theory formulated in Refs. [8, 9] on the basis of the GW relation requires ingenious
construction of the fermion integration measure. An “ideal” measure must be consistent
with the locality, gauge invariance and smoothness and its construction is far from being
trivial. Although an explicit way of construction is known for (anomaly-free) U(1) gauge
theories [8, 10, 11, 12] (and for the electroweak SU(2)L×U(1)Y theory [13, 14]), for general
non-abelian theories the way of construction has been known only to all orders of pertur-
bation theory [15]. (The existence of an ideal measure in perturbation theory was shown
in Refs. [16, 17].) Construction of the fermion integration measure in a non-perturbative
level is a mathematically complex problem requiring, first of all, non-abelian generalization
of a local cohomology argument on the lattice [10, 11, 12, 18, 19, 20, 21, 22] that is so far
available only for the gauge group U(1). On the other hand, as we will review below, the
fermion integration measure in the proposal of Ref. [1] is quite simple. Therefore, there
is hope such that the mirror fermions and the Higgs field “dynamically” provide an ideal
integration measure of massless Weyl fermions while evading the above complexity.
In this brief report, we show that the model unfortunately fails to meet above expec-
tations. The physical vector boson always acquires mass by the Stu¨ckelberg (or Higgs)
mechanism, regardless of strength of interactions. In this sense, the gauge symmetry is al-
ways spontaneously broken. Our argumentation to show this is very simple and kinematical.
That is, it relies only on a symmetrical structure of the model. Because of the simplicity of
this argument, we believe that some workers in this field have already arrived at the con-
clusion identical to ours. In fact, it has been known that a compact Higgs field (see below)
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can be interpreted as a Stu¨ckelberg field; see, for example, Ref. [23]. On the other hand, it
appears that the point we want to emphasize below is not so well-appreciated.
As an example, we take the so-called “345” model studied in Ref. [1]. The target theory
is a two-dimensional U(1) chiral gauge theory that contains two left-handed Weyl fermions
(their U(1) charges are 3 and 4, respectively) and one right-handed Weyl fermion (its U(1)
charge is 5). Since 32 + 42 = 52, this system is free from the gauge anomaly (the issue of
the gauge anomaly plays no central role in what follows, however). The partition function
of the model, according to Refs. [1, 6, 7], is defined by
Z =
∫ ∏
x
(∏
µ
dU(x, µ)
)
dφ(x)
( ∏
q=0,3,4,5
dψq(x) dψq(x)
)
e−S, (1)
where µ runs from 0 to 1. In this expression, U(x, µ) denotes the U(1) link variables and
φ(x) ∈ U(1) is a compact Higgs field. dU(x, µ) and dφ(x) are the Haar measures. There
are four fermion fields, ψ0(x), ψ3(x), ψ4(x) and ψ5(x). The first one ψ0 is a spectator
having no U(1) charge and it is introduced to form appropriate Yukawa interactions below.
Note that the integration measure of the fermions is trivial in a sense that it is a simple
product of Grassmann integrals (like that in lattice QCD). This point is quite different from
construction of the fermion integration measure in the framework of Refs. [8, 9] that requires
a careful choice of basis vectors in which the Weyl fermion fields are expanded. The total
action is given by
S = SG + Sκ + Slight + Smirror. (2)
We do not need to specify an explicit form of the gauge action SG, although we assume
that it belongs to a same universality class as the plaquette action. What is important to
us is its invariance under the lattice gauge transformation (µˆ denotes a unit vector in the
µ-direction and the lattice spacing a is set to 1 in most part of this paper)
U(x, µ)→ Λ(x)U(x, µ)Λ(x+ µˆ)−1, (3)
where Λ(x) ∈ U(1). The kinetic term of the Higgs field Sκ is
Sκ = κ
∑
x
∑
µ
Re
{
1− φ(x)−1U(x, µ)φ(x+ µˆ)
}
, (4)
where we have assumed that the field φ(x) has the U(1) charge +1. The gauge transformation
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of φ is thus given by
φ(x)→ Λ(x)φ(x). (5)
Of course, Sκ is invariant under the gauge transformations (3) and (5). The actions of
“light” fermions, which correspond to massless Weyl fermions in the target theory, are given
by
Slight =
∑
x
{
ψ0,+D0ψ0,+ + ψ3,−D3ψ3,− + ψ4,−D4ψ4,− + ψ5,+D5ψ5,+
}
(6)
and, for “mirror” ones
Smirror =
∑
x
{
ψ0,−D0ψ0,− + ψ3,+D3ψ3,+ + ψ4,+D4ψ4,+ + ψ5,−D5ψ5,−
}
+ y
∑
x
{
ψ0,−(φ
−1)3ψ3,+ + ψ3,+(φ)
3ψ0,− + ψ0,−(φ
−1)4ψ4,+ + ψ4,+(φ)
4ψ0,−
+ ψ3,+(φ
−1)2ψ5,− + ψ5,−(φ)
2ψ3,+ + ψ4,+(φ
−1)ψ5,− + ψ5,−(φ)ψ4,+
}
+ h
∑
x
{
ψT0,−B(φ
−1)3ψ3,+ − ψ3,+B(φ)
3ψ
T
0,− + ψ
T
0,−B(φ
−1)4ψ4,+ − ψ4,+B(φ)
4ψ
T
0,−
+ ψT3,+B(φ
−1)8ψ5,− − ψ5,−B(φ)
8ψ
T
3,+ + ψ
T
4,+B(φ
−1)9ψ5,− − ψ5,−B(φ)
9ψ
T
4,+
}
,
(7)
where B denotes the charge conjugation matrix in two dimensions.
The expressions (6) and (7) need some explanation. The subscript q of the lattice Dirac
operators Dq (q = 0, 3, 4 or 5) indicates the U(1) charge of the fermion it acts. In the lattice
Dirac operator Dq, the link variables are contained with the representation (U(x, µ))
q. The
Dirac operator Dq must be gauge covariant. That is, under the gauge transformation (3), it
transforms as Dq → (Λ)
qDq(Λ
−1)q. It is also assumed that Dq satisfies the GW relation [24]
γ5Dq +Dqγ5 = Dqγ5Dq. (8)
Neuberger’s operator [25, 26] is simplest among such lattice Dirac operators. Defining the
combination γˆq,5 = γ5(1−Dq), one has from the GW relation
(γˆq,5)
2 = 1, Dqγˆq,5 = −γ5Dq (9)
and hence γˆ5,q is a lattice analogue of the γ5 [27, 28, 29]. We also introduce projection
operators
Pˆq,± =
1
2
(1± γˆq,5), P± =
1
2
(1± γ5) (10)
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and define chiral components of lattice fermions by
ψq,±(x) ≡ Pˆq,±ψq(x), ψq,±(x) ≡ ψq(x)P∓ (11)
for each q. Note that, because of the property (9), the action of a lattice Dirac fermion
completely decomposes into the right- and the left-handed parts
ψq(x)Dqψq(x) = ψq,+(x)Dqψq,+(x) + ψq,−(x)Dqψq,−(x). (12)
As emphasized in Refs. [1, 6, 7], this complete chiral separation of a lattice action is peculiar
to formulation based on the lattice Dirac operator satisfying the GW relation. Since the
Dirac operator is gauge covariant, so are the projection operators, Pˆq,± → (Λ)
qPˆq,±(Λ
−1)q
(and of course P± → (Λ)
qP±(Λ
−1)q). Then the actions (6) and (7) are clearly invariant
under the simultaneous gauge transformations (3), (5) and
ψq(x)→ (Λ(x))
qψq(x), ψq(x)→ ψq(x)(Λ(x)
−1)q. (13)
The action for light fermions Slight is identical to the action of the Weyl fermions that would
be taken in the formulation of Ref. [8]. See also Ref. [29].
The Yukawa interactions in Eq. (7) are chosen [1] so that they break all global (vector
as well as chiral) U(1) transformations of mirror fermions, ψ0,−, ψ3,+, ψ4,+ and ψ5,−, except
the global U(1) part of the gauge transformations (13) and (5).
Now, our argument is based on a simple change of integration variables in Eq. (1). Instead
of gauge variant original variables U(x, µ), ψq(x) and ψq(x), one may use gauge invariant
ones
U ′(x, µ) = φ(x)−1U(x, µ)φ(x+ µˆ),
ψ′q(x) = (φ(x)
−1)qψq(x), ψ
′
q(x) = ψq(x)(φ(x))
q. (14)
For any fixed configuration of φ(x), the jacobian from {U(x, µ), ψq(x), ψq(x)} to
{U ′(x, µ), ψ′q(x), ψ
′
q(x)} is unity because φ(x) ∈ U(1) and the numbers of integration vari-
ables ψq(x) and ψq(x) are same. It is obvious that the action S, when expressed in terms of
these primed variables, does not contain the φ-field anymore. This is simply a reflection of
the gauge invariance of the action and the fact that the compact field φ(x) ∈ U(1) can be
regarded as a parameter of the lattice gauge transformation. Then, since φ is compact, we
can integrate it out from the partition function.
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After this change of variables, the kinetic term of the φ-field becomes the mass term of
the (gauge invariant) vector boson [36]
Sκ = κ
∑
x
∑
µ
Re {1− U ′(x, µ)} . (15)
Thus we see that the vector boson acquires mass by the Stu¨ckelberg (or, in a broad sense,
Higgs) mechanism [37]. (For a review on the Stu¨ckelberg mechanism, see Ref. [30].) Our
choice of the primed variables (14) corresponds to the so-called unitary gauge and one can
say that the gauge symmetry is spontaneously broken. In terms of the primed variables, the
Yukawa interactions in Smirror become mass terms of mirror fermions. Note that the above
argument holds regardless of strength of interactions. In the present two-dimensional theory,
the dimensionless gauge coupling constant ag goes to zero in the continuum limit a→ 0. For
ag ≪ 1, the situation relevant in the continuum limit, the spectrum of the model consists of
massless fermions, massive fermions and massive vector bosons, interacting through chiral
couplings. The mass of the massive fermions is O(y/a) or O(h/a). The mass of the vector
boson is, on the other hand, O(κg). Since the variables (14) are gauge invariant, this is a
physical spectrum. This perturbative physical spectrum differs from the one, that might be
expected in chiral gauge theories in the perturbative regime.
In the above example, the Higgs field has the U(1)-charge +1 and this charge is, according
to the terminology of Ref. [31], the “fundamental representation”. In fact, our argument
above is nothing but the argument used in Ref. [31] to show that lattice gauge models
with a compact Higgs field in the fundamental representation are in the Higgs phase. The
presence of fermions is not relevant in this argument. Here, one cannot repeat an argument
of Ref. [31] which shows the existence of the Coulomb phase (in which the gauge symmetry
is not spontaneously broken) for κ≪ 1, because that argument is based on the presence of
a phase transition in pure gauge models. In two-dimensional gauge models, such a phase
transition does not occur.
A similar argument can be repeated for the two-dimensional “1-0” model [6, 7] that
contains two fermions with the U(1) charges +1 and 0, respectively. The target chiral
gauge theory of this model is anomalous because 12 6= 0 but nevertheless our argument
proceeds without any essential change. We again have massless fermions, massive fermions
and massive vector bosons. This is very natural because two-dimensional anomalous U(1)
chiral gauge theory would be consistent, if the vector boson is allowed to be massive [32, 33].
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In Refs. [1, 6, 7], the authors are considering the limit ag = 0, where ag is the dimen-
sionless gauge coupling constant, as a first approximation. Then they completely neglect
the gauge fields including the gauge degrees of freedom. What we wanted to emphasize in
this note is that this kind of approximation which neglects the underlying gauge symmetry
can sometimes be misleading. In other words, the nature of the spontaneous breaking of
a continuous symmetry crucially depends on whether the symmetry is global or local (i.e.,
gauged). For example, global symmetries cannot be spontaneously broken in two dimen-
sions [34], while the Higgs mechanism in two dimensions itself is not prohibited.
The above construction of U(1) models can be generalized to four dimensions. Our
conclusion on the massive vector boson is similar, except the point that now the models
should be used with finite lattice spacings, because the models are not renormalizable (in
the first place, due to Yukawa couplings with a compact Higgs field).
Finally, we comment on generalization to a non-abelian compact gauge group G. Natural
generalization of the Higgs action is
Sκ = κ
∑
x
∑
µ
Re tr
{
1− φ(x)−1U(x, µ)φ(x+ µˆ)
}
, (16)
where the compact Higgs field φ(x) is G-valued and the Higgs field transforms as φ(x) →
Λ(x)φ(x) under the lattice gauge transformation. The fermion actions would be replaced by
Slight =
∑
x
{
χ+D0χ+ + ψ−Dψ−
}
,
Smirror =
∑
x
{
χ−D0χ− + ψ+Dψ+
}
+ y
∑
x
{
χ−R(φ
−1)ψ+ + ψ+R(φ)χ−
}
+ h
∑
x
{
χT−BR(φ
−1)ψ+ − ψ+BR(φ)χ
T
−
}
,
(17)
where B denotes the charge conjugation matrix. We assumed that the fermion ψ belongs
to a unitary (generally reducible) representation R of G and, R(φ), for example, denotes
the Higgs field in that representation. χ is a spectator (gauge singlet) and we have to
introduce dimR spectators. The lattice Dirac operators and the chirality projections are
defined according to the gauge representations of the fermions. We do not write down an
explicit form of gauge transformations, etc, because generalization from the abelian case is
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obvious. Now, we may make change of variables (that corresponds to the unitary gauge)
U ′(x, µ) = φ(x)−1U(x, µ)φ(x+ µˆ),
ψ′(x) = R(φ(x)−1)ψ(x), ψ
′
(x) = ψ(x)R(φ(x)). (18)
Then the total action becomes independent of the Higgs field φ and we have the physical
spectrum similar to that of the above U(1) case. Note that, in this model, all vector bosons
become massive and the G gauge symmetry is completely broken. The unitary gauge is
equivalent to take φ(x) ≡ 1 and this configuration is not invariant under any non-trivial
gauge transformation. Thus, with the above construction, it is impossible to leave some
subgroup H , such as the U(1)EM within the standard model SU(3) × SU(2)L × U(1)Y ,
unbroken.
The G-valued compact Higgs field precisely corresponds to the “fundamental representa-
tion” case considered in Ref. [31] and our conclusion is consistent with that of Ref. [31]; the
model is in the Higgs phase. In two dimensions, because of the absence of a phase transition
in the pure gauge sector, an argument of Ref. [31] for the existence of the Coulomb phase
does not apply. In four dimensions, non-abelian models with massive vector bosons in which
the mass is provided by the Stu¨ckelberg (not Higgs in a limited sense) mechanism is not
renormalizable and the model should be used with finite lattice spacings. On a related issue,
see Ref. [35].
In conclusion, the Yukawa-Higgs model with GW fermions proposed in Ref. [1] regrettably
cannot be a starting point for lattice formulation of chiral gauge theories, because the gauge
symmetry is always spontaneously broken.
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